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A b s t r a c t  

Woolley has recently discussed conditions (one of which requires that space-time admit a 
Killing vector) under which the energy-momentum tensor for an electromagnetic field can 
be expressed in a purely 'geometric' form. In this note we show that for the case when the 
required KiUing vector is time-like, the only asymptotically flat solutions of Woolley's 
equations are members of the P.I.W. class recently discovered by Perjes and independently 
by Israel and Wilson. This shows that although the work of Woolley exhibits a novel 
approach to Einstein-Maxwell theory, the usefulness of his results are much diminished. 

1. I n t r o d u c t i o n  

Woolley (1973)  has shown h o w  one can relate the covariant  derivative o f  a 
Killing vector  (called the Killing tensor)  to the e lec t romagnet ic  field tensor  Fur.  
Because o f  this the e n e r g y - m o m e n t u m  tensor  formed from the F u r  can be 
expressed comple te ly  in terms of  the Killing tensor.  This paper will examine  
the consequences  o f  such an ident i f icat ion.  

In Sect ion 2 the no ta t ion  is in t roduced  and a very br ief  der ivat ion o f  the 
P.I.W. class o f  solut ions is out l ined.  Sect ion  3 contains  a pr6cis o f  Woolley 's  
w o r k  and also the main results o f  this paper. 

2. The  P.L W. Metr i c s  

Greek indices run from 1-4 and Latin f rom 1-3. A stroke [ denotes  covariant  
d i f ferenta t ion  while a c o m m a  denotes  partial d i f ferent ia t ion.  A s t a r ,  on a 
scalar means  complex  conjugate  while i f  it appears on a tensor  it refers to the 
dual object .  

I will consider  a comple te ly  general s ta t ionary space-time. Thus the metr ic  
will exhibi t  only one Killing vec tor  ( t ime-like).  The met r ic  is: 

ds 2 = - f - l T m  n d x  m d x  n + f ( d t  + w m d x m )  2 (2.1) 
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I will use the formalism of Israel & Wilson (1972) which relies heavily on a 
vector calculus based on the three-dimensional positive definite metric "Ymn. It 
is found convenient to introduce a vector 1: by 

x = _ f 2  V x  to (or f - 2 r m  = "/l/2emnvoon, p) (2.2) 

Introducing 'electric' and 'magnetic'  potentials Ao, c) by 

Fon = Ao,n Fmn = fT-1/2emnpdP,p (2.3) 

The remaining components can be read from 

• * . r s t p  -1  1/2 Fat3 + lFat3 = {Zerst6aSt~7 f 7 + 6°6~ - 8P8~ + ~t(8~8~ - 6~SPa)} 

x (~* ,o}  (2.4) 

where we have introduced the complex potential ~ = Ao + i~, the Maxwell 
equations then take the form 

V. ( f f  l V ~  ) = if  -2 -c.V,,I t (2.5) 

Now introduce a scalar potential ~ by 

,r + i(tI,*Vff, - '~V'-~*) = ff (2.6) 

and the 'Ernst '  potential E = f -  ~ *  + iff, the Einstein-Maxwell equations: 

Ru v = 2{gC~Fuc~Fv ~ , a ~  = F*UV;v = 0 (2.7) - ~guvFa3F }, FUV;v 

take the elegant form: 

f v 2 ~  = V~I ' . (VE + 2'#*VtI ' )  (2.8) 

JV2E  = r E .  (VE + 2~*Vq~) (2.9) 

1 - f 2Rrnn(T) = "~ E(,mE, n) + ~E(,m ~*,n) + ~ *E*(,rn ~,n) 

- (E + E*)~ ( ,m~* ,n )  (2.10) 

where Rmn('Y) is the three-dimensional Ricci tensor formed from "Ymn. The 
P.I.W. metrics are obtained by taking E = 0.t  Thus 

f = ff '~*, x = - i(xI,*Vq* - qzV~I,*), V2(q*-l)  = 0 (2.11) 

The original paper of  Israel and Wilson should be consulted if the reader 
requires greater detail. 

3. Solutions o f  Woolley's Equations 

First I shall briefly run through Woolley's work. He begins by assuming that 
the space-time admits a Killing vector v ~. In this paper, only the case of  a time- 
like Killing vector is considered. Thus I can take (2.1) as the metric of  space- 

This simple method of derivation was first suggested to me by Professor W. B. Bonnor. 
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t ime,  wi th  Killing vec tor  v e = (0,  0, 0, i ) .  Wool ley  then  defines two  electro-  
magnet ic  po ten t ia l s  0, q5 by  

0,~ = F~vv v ~,** = F**zvv v ( 3 . i )  

The tensor  P vv = - ~Vv - ( O F~v + ~)F*uv ), where ~ v  = v u ;v satisfies Maxwel l ' s  
equat ions  P~*V;v = P~vv;v = 0. Wool ley  then  assumes tha t  P,zv and F**v are 
re la ted by  a dual i ty  ro ta t ion ,  i.e. 

P~v = Fvv  cos e + F * u v  sin e, e = const.  (3.2) 

It then follows tha t  

~vv = aFuv + bF~v 

a = - ( c o s  e + 0) 

b = - ( s i n  e + q~) (3.3) 

Transvecting this equa t ion  wi th  v v and integrat ing we find 

(X - Xo) = a 2 + b 2, ~t0 = const . ,  X = vuvU 

Thus i f  we accept  (3.2)  then  it follows tha t  the equat ions  we have to solve are: 

Ruv = -{~uo~Crv + ~ * v ~ * ° v } / ( X  - Xo) = Tuv (3.4) 

plus Maxwell ' s  equa t ions  

V. ( f - l V g t )  = - i f  -2 "¢.Vg'  (3.5)  

and we also have 

X -  X o = a  2 + b  2 (3.6)  

F r o m  (3.1)  and (2.4)  i t  easi ly follows tha t  

A o = - ( 0  + 0o) ~ = (q5 + ¢o)  0o, ~o = const .  (3.7) 

choose  0 o = cos e and $o = sin e. Demand  t h a t f ~  1 as 0, q~--> 0 (essential ly 
a sympto t i c  flatness) then this implies  tha t  we must  take X o = 0. Thus (X - Xo) = 
a2 + b2 b e c o m e s f  = ,It,Is*. It is fairly s t ra ightforward to  show tha t  

Too = _ f - 1  1 m n  1 ~  oo mr  sn ~co {gff ,  m f ,  nT -- ZY- m, nT 7 [ s ,r- -  C°r,s)) 

= -¼ {(vf)  2 + ~.~} (3.8) 
1 2 Z m o  = - -~2f  £rOOs, t (~rs~  'mr  --  ~[ 'mTr t )  = ½ ( V f  x .¢)m (3.9) 

Tpm')'rn Trnn -- 7prToo = ½ ( f . p f ,  r + rvrr} (3.10) 

Equat ing these to the respective c o mp o n en t s  of  Ruv  we find: 

3 ( V f )  2 - 2 f V 2 f  - 2'~.'~ = 0 (3.11) 
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To solve these equations let 
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f ( V x x )  = V f x x  (3.12) 

Rmn(7  ) = 0 (3.13) 

x = - i ( , I , * V , I ,  - q , V , I , * )  + a ( 3 . 1 4 )  

where A is some real vector. Then Maxwell 's equations (3.5) imply 

,I,*(,I, V2,I  , - 2 (V,I,) 2) = iA .V ,Is (3.15)  

while (3.11) can be writ ten 

(q , ) :  [ (Vq,*)  2 _ ½q,*V~q, *} + (q ,*)~{(vq , )  2 _ ½q, V2q,}  

- ¼A . A  + ½ i A .  (,I,*VxI' - 'I,V,I,*) = 0 (3 .16)  

Then using equation (3.15) it follows that  A .  A = 0, i.e. A = 0. It is then im- 
mediate from (3 . t5 )  that  V2( ' t  ' - I )  = 0 while a quick calculation verifies that  
(3.12) is identicalIy satisfied. Thus for the case of  a time-like Killing vector the 
only solutions of  Wooltey's equations are the P.t.W. metrics. 
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